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Introduction 



0. 1. Let G be a connected reductive algebraic group over an algebraically closed 
field k of characteristic p > 0. Let G_ be the set of unipotent conjugacy classes 
in G. Let W be the set of conjugacy classes in the Weyl group W of G. Let 
$ : — > G be the (surjective) map defined in [L2]. For C G \V we denote by 
mc the dimension of the fixed point space of w : V — > V where w G C and V is 
the reflection representation of the Coxeter group W. The following result is an 
attempt to construct a one sided inverse for $. 

Theorem 0.2. Assume that either p is not a bad prime for G or that G is a simple 
exceptional group. Then for any 7 G G the function $ _1 (7) — > N, C H- mc 
reaches its minimum at a unique element Co G <fr _1 (7). Thus we have a well 
defined map \I/ : G — > W, 7 1— > Cq such that : G — » G is the identity map. 

It is likely that (i) the theorem holds without any assumption and (ii) when 
p = 0, the map \1/ coincides with the map defined in [KL, Section 9] (note that the 
last map has not been computed explicitly in all cases). It is enough to prove the 
theorem in the case where G is almost simple; moreover in that case it is enough 
to consider one group in each isogeny class. When G has type A, the theorem is 
trivial since $ is a bijection. For G of type B,C, D the proof is given in Section 

1. For G of exceptional type the proof is given in Section 2. 

1. Type B,C,D 

1.1. Let V 1 be the set of sequences c* = (ci > C2 > • • • > c m ) in Z>o- For c* G V 1 
we set |c*| = ci + C2 + ■ ■ ■ + c T , r Ct = m. For iV G N let V\j = {c* G V 1 ; |c* | = N}. 

Let V = {p* G V x \ Tp„ G 2N;pi = P2,P3 = f»4, ■ ■ • }; for m G N we set V 2 m = 
VnVo ■ 

' 1 1 ' 2m 

Let T be the set of c* = (ci > C2 > • • • > c T ) G P 1 such that for any odd j, 
\{k G [1, r]; c fc = i}| is even; for m G N let 7^ m = T fl T 5 ^- 
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Let S be the set of r* = (r x > r 2 > • • • > r a ) G V 1 such that G 2Z >0 for all 
r; for m G N let S 2m = S D P^ m . 

In this subsection we fix n G 2N. Let be the set of all pairs (r*,p*) G S xV 
such that |r*| + |p*| = n. We define t : A' n — > 7^ by (r*,p*) h-> c* where the 
multiset of entries of c* is the union of the multiset of entries of r* with the 
multiset of entries of p*. Let c* = (ci > c 2 > ■ ■ • > c T ) G 7^. We associate to c* 
an element (r*,p*) G 5 x ? by specifying the number of times M e (resp. iV e ) that 
an integer e > 1 appears in r* (resp. p*). Let Q e be the number of times that e 
appears as an entry of c*. If e G 2N + 1 then M e = 0, iV e = Qe- If e G 2N + 2 
then M e = Q e , iV e = 0. Clearly, c* >-)■ is a well defined map </ : T n — > A„; 

moreover, a' : 7n — » 7n is the identity map. 

We preserve the notation for c*,r*,p* as above (so that (r*,p*) G i _1 (c*)) and 
we assume that (r*,p*) G i _1 (c*). Let (resp. iVg) be the number of times that 
an integer e > 1 appears in (resp. p[). Note that M' e + N' e = M e + N e . If 
e G 2N + 1 then M' e = hence iVg = Q e . If e G 2N + 2 then N' e > 0. We see that 
in all cases we have N' e > N e . It follows that J2 e -^e > X! e N e (and the equality 
implies that N' e = N e for all e hence (r*,p*) = (r*,p*)). We see that 

(a) /or any c» 6T n t/iere is exactly one element (r*,p*) G t -1 (c*) sitc/i £/iai £/ie 
number of entries of p* is minimal (that element is «/(c*) J. 

1.2. Let P° = {p* G P 1 ; r p , = even}; for n G N we set P° = P° n 

Let Q be the set of all c* = (ci > c-i > ■ ■ ■ > c T ) G V 1 such that for any even 
j, \{k G [1, r]; c fc = is even; for n G N let Q n = Q n 7^. 

Let 7?. be the set of all r* = (ri > r 2 > • • • > r T ) G Q such that the following 
conditions are satisfied. Let J r ^ = {k G [l,r];rfc is odd}. We write the multiset 
{rk]k G J r „ } as a sequence r 1 > r 2 > • • ■ > r s . (We have necessarily r = s 
mod 2.) We require that: 

-if r 7^ then le J r ,; 

-if r 7^ is even then re J r< ; 

-if ue [1,8-1] is odd then r u > r u+1 ; 

-Hue [1, s — 1] is even then there is no fc' 6 [1, r] such that r u > ry > r u+1 . 
For n G N we set TZ n = K H Q n . 

We now fix n G N. Define k G {0, 1} and n G N by n = 2n + k. Define 
S : V£ -> ^ n by 

(pi > P2 > • • • > Pa) ^ (2pi + V(l) > 2p 2 + ^(2) > • • • > 2p a + 
if a + k is even, 

(Pi > > • • • > Pa) ^ (2pi + > 2P2 + ^(2) > ' ' • > fya + */>(<?) > 1) 

if a + k is odd, where ip : [1, a] — > {—1, 0, 1} is as follows: 

if t G [1, cr] is odd and pt < p^ for any x G [1, t — 1] then ip(t) = 1; 
if t G [1, a] is even and p x < pt for any x G [t + 1, cr], then ip(t) = —1; 
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for all other t G [1, a] we have ip(t) = 0. 
Now S is a bijection with inverse map H' : 72 n — > given by 

( ri > r 2 > • • • > r T ) ((n + C(l))/2 > (r 2 + C(2))/2 > • • • > (r T + C(r))/2)) 

if r T > k, 

(n >r 2 > ••• >r T ) ((n + C(l))/2 > (r 2 + C(2))/2 > > (r T _! + C(r-l))/2)) 

if r T = k, where C : [l,r] -> {-1,0,1} is given by £(k) = (-l) fc (l - (-l) rfe )/2. 
(Thus, ((k) = (— l) fc if rk is odd and = if is even. We have rk + ((k) G 2N 
for any k and rt + ((k) > rk+i + C(k + 1) f°r k G [1, r — 1].) 

Let A n be the set of all pairs (r*,p*) G 72. x P such that |r*| + = n. 
We define t : A n — > Q n by (r*,p*) h-> c* where the multiset of entries of c* is 
the union of the multiset of entries of r* with the multiset of entries of p*. Let 
c* = (ci > c 2 > • ■ ■ > c r ) G Q n . Let K = {k G [l,r];Cfc is odd}. We write the 
multiset {c^Zc G K} as a sequence c 1 > c 2 > ••■ > c*. (We have necessarily 
t = n = t mod 2.) We associate to c* an element (r*,p*) G Q x by specifying 
the number of times M e (resp. iV e ) that an integer e > 1 appears in r* (resp. p*). 
Let Q e be the number of times that e appears as an entry of c*. 

(i) If e G 2N + 1 and Q e = 2g + 1 then M e = 1, N e = 2g. 

(ii) If e G 2N + 1 and Q e = 2g, so that c d = c d+1 = ■■■ = c d+29 ~ x = e with d 
even, then M e = 2, N e = 2g - 2 (if # > 0) and M e = N e = (if g = 0). 

(iii) If e G 2N + 1 and Q e = 2g so that c d = c d+1 = ■■■ = c d+2g ~ x = e with d 

odd then M e = 0, N e = 2g. 

Thus the odd entries of r* are defined. We write them in a sequence r 1 > r 2 > 
. . . > r s 

(iv) If e G 2N + 2, Q e = 2g and if 

(*) r 2u > e > r 2 " +1 for some u, or e > r 1 , or r s > e (with s even), 
then M e = 0, N e = 2g. 

(v) If e G 2N + 2, Q e = 2g and if (*) does not hold, then M e = 2g, N e = 0. 
Now G Q,p* G P are defined and |r*| + = n. 

Assume that |r*| > 0; then from (iv) we see that the largest entry of r* is odd. 
Assume that |r*| > and n is even; then from (iv) we see that the smallest entry 
of r* is odd. If u G [1, s — 1] and r u = r u+1 then from (i),(ii),(iii) we see that u is 
even. If u G [1, s — 1] and there is k' G [1, r] such that r u > tv > r u+1 , then ?v 
is even and e = rv is as in (v) and u must be odd. We see that r* G 72. 

We see that c* >->■ (r*,p*) is a well defined map </ : Q n — >■ A n ; moreover, 

: Q n - > Qn is the identity map. 

We preserve the notation for c*,r*,p* as above (so that (r*,p*) G <- _1 (ch<)) and 
we assume that (r^,p^) G t _1 (c J|! ). We write the odd entries of in a sequence 

Let Mg (resp. A^^) be the number of times that an integer e > 1 appears in 
(resp. p'J. Note that M' e + N' e = M e + N e . 



4 



G. LUSZTIG 



In the setup of (i) we have M' e = 1, N' e = N e . (Indeed, M' e + N' e is odd, N' e is 
even hence M' e is odd. Since M' e is 0, 1 or 2 we see that it is 1.) 

In the setup of (ii) and assuming that g > we have M' e = 2, N' e = N e or 
M' e = 0, N' e = N e + 2. (Indeed, M' e + N' e is even, N' e is even hence M' e is even. 
Since M' e is 0, 1 or 2 we see that it is or 2.) If g = we have M' e = N' e = 0. 

In the setup of (iii) we have M' e = 0, N' e = N e . (Indeed, M' e + N' e is even, 
N' e is even hence M' e is even. Since M' e is 0, 1 or 2 we see that it is or 2. 
Assume that M' e = 2. Then e = r' u = r' u+1 with u even in [1, s' — 1]. We have 
c d = c d+1 = ■ ■ ■ = c d + 2 9-i = e w ith d odd. From the definitions we see that u = d 
mod 2 and we have a contradiction. Thus, M' e = 0.) 

Now the sequence r' 1 > r' 2 > ■ ■ ■ > r' s is obtained from the sequence r 1 > 
r 2 > ■ ■ ■ > r s by deleting some pairs of the form r 2h = r 2h+1 . Hence in the setup 
of (iv) we have r 2v = r' 2v > e > r' 2v +1 = r 2v+1 for some v' or e > r' 1 or r' s > e 
(with s, s' even) and we see that M' e = so that N' e = 2g = N e . 

In the setup of (v) we have N' e > 0. 

We see that in all cases we have N' e > N e . It follows that N' e > J2 e N e (and 
the equality implies that N' e = N e for all e hence (r*,p'J = (r*, £>*))• We see that 

(a) for any c* G Q n there is exactly one element (r*,p*) G l -1 ^) such that the 
number of entries of p* is minimal (that element is </(c*) ). 

Let A n be the set of all pairs (p'*,p*) E V K x V such that 2|p' + | + 1 + = n. We 
have a bijection 

(b) A n A> A n , ^ (S(p'J,^) 

where S is as above (with n replaced by 

1.3. In this subsection we assume that n is even. Let S n be the set of all G V n 
such that any entry of is even. We can view S n as a subset of A n by >->■ (r*,p*) 
where r* G 72-o is the empty sequence. Let A n = A n — £ n . Moreover, we can view 
e n as a subset of Q n by ^ P*- Let Q n = Q n — £ n - Note that t, t' restrict to 
the identity map £ n — > ^n- Let t : A n — > Q n , t' : Q n — > A n be the restrictions of 
t, t'. Note that IV : Qn Qn is the identity map. 

We can view £ n as a subset of A n by >->■ (p*,p*) where is the empty 
sequence. Let A n = A n — £^ n . The bijection 1.2(b) restricts to a bijection 
(a) An ^» i n . 

1.4. In this subsection we assume that p ^ 2. Let 7 be a k-vector space of finite 
dimension n > 3. Let k = if n is even, k = 1 if n is odd. Let n = (n — k)/2. Let 
e G {1,-1}. Assume that V has a fixed nonsingular bilinear form ( , ) : V x V — > k 
such that (x, y) = e(y, x) for all x, y G V. Let /s(V) be the group of all isometries 
of (, ) (a closed subgroup of GL(V)). We assume that G is the identity component 
of Is(V). 

Assume first that e = — 1. We identify G = T n by associating to 7 G G the 
multiset consisting of the sizes of the Jordan blocks of an element of 7. We identify 
(as in [L2, 1.4, 1.5]) W with the group W of permutations of [l,n] commuting 
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with the involution % h-> n — % + 1. We identify W with A' n by associating to 
C G W (with w G C) the pair where r* is the multiset consisting of the 

sizes of cycles of w which commute with the involution above and is the multiset 
consisting of the sizes of the remaining cycles of w. Using [L2, 3.7, 1.1] we see that 
the map $ : W — > G becomes the map i : A' n — > T n in 1.1 and 0.2 folows from 

l-l(a). 

Assume next that e = 1. In the case where n is even we assume that n > 8 
and we let G Q be the set of unipotent classes in G which are also conjugacy classes 

in Is(V). We identify G = Q n (if n is odd) and G Q = Q n (if n is even) by 
associating to 7 in G or G Q the multiset consisting of the sizes of the Jordan 
blocks of an element of 7. If n is odd we identify (as in [L2, 1.4, 1.5]) W with the 
group W of permutations of [1, n] commuting with the involution i 1— > n— Ifn 
is even we identify (as in [L2, 1.4, 1.5]) W with the group W of even permutations 
of [1, n] commuting with the involution mn - i + 1; in this case let W be the 
set of conjugacy classes in WW which are also conjugacy classes of the group of 
all permutations of [1, n] commuting with the involution above. 

We identify W = A n (if n is odd) and W = A n (if n is even) by associating to 
C in W or W (with w G C) the pair (f/*,p*) where p'^ is the multiset consisting 
of the half sizes of cycles of w (other than fixed points) which commute with the 
involution above and is the multiset consisting of the sizes of cycles of w which 
do not commute with the involution above. Using 1.2(b) and 1.3(a) we identify 

= A n if n is odd and A n = A n if n is even. Using [L2, 3.8, 3.9, 1.1] we see 
that the map $ : — > G becomes the map 1 : A n — > Q n in 1.2 (if n is odd) and 

the map $ : W — > G Q becomes the map I : A n — > Q n in 1.3 (if n is even) and 
0.2 folows from 1.2(a). (Note that if n is even and 7 G G — G Q then $ _1 (7) is a 
single element hence for such 7 the statement of 0.2 is trivial.) 

2. Exceptional groups 

2.1. In 2.2-2.6 we describe explicitly the map $ : — > G_ in the case where G is 
a simple exceptional group in the form of tables. Each table consists of lines of the 
form [a, 6, . . . , r] t-> s where s G G is specified by its name in [Sp] and a, 6, . . . , r 
are the elements of W which are mapped by $ to s (here a, 6, . . . , r are specified 
by their name in [Ca]); by inspection we see that 0.2 holds in each case and in fact 
\l/(s) = a is the first element of W in the list a, 6, . . . , r. The tables are obtained 
from the results in [L2]. 

2.2. Type C7 2 . If p 7^ 3 we have 
[A ] ^ A 

[At] H- Ax 
[A 1 +A 1 ,A 1 ] h+ix 
[A 2 ] H- G 2 (ai) 
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When p = 3 the line [Ax + A 1 , A x ] h-> A\ should be replaced by [A x + Ax] ^ A 1: 
[ii]^(ii) 3 . 

2.3. Type F 4 . If p ^ 2 we have 
[Aq] ^ A 

[Ai] A x 

[4Ai, 3Ai, 2Ai + A U A 1 + A x ] \-^A 1 -\-A 1 
[A 2 ] ^ A 2 
[A 2 ] ^A 2 

[A 2 + Ax] h-> A 2 + Ax 

[A 2 + A 2 , A 2 + Ax] ^ A 2 + Ax 

[A 3 ,B 2 ]^B 2 

[A 3 + Ax, B 2 + Ax] ^C 3 (ai) 

[D 4 (ax)] ^ F 4 (a 3 ) 

[D 4 , B 3 ] ^ B 3 

[C 3 + Ax,C 3 ]^C 3 

[F 4 (ai)] ^ F 4 (a 2 ) 

[B 4 ] ^ F 4 (ai) 

[F 4 ] -)• F 4 

When p = 2 the lines [2Ai, ii] i— >■ ii, [A 2 + i 2 , M + Ax]^A 2 + Ax), [A 3 , B 2 ] i— >■ 
£? 2 , [A 3 + Ai, _B 2 + ^-i] H> C 3 (ai), should be replaced by 

[2Ax] H- Ax , [ii] H- (ii) 2 

[A 2 + A 2 ] ^A 2 + Ax, [A 2 + Ax] \-> (A 2 + A x ) 2 

[A 3 ] ^ B 2 , [B 2 ] ^ (B 2 ) 2 

[A 3 + Ax] ^ C 3 ( ai ), [B 2 + Ax] ^ (C 3 (a 1 )) 2 
respectively. 

2.4. Type E 6 . We have 
[A Q ] ^ A 

[Ai] H- Ax 
[2Ax] ^ 2Ai 
[4A 1 ,3A 1 ] i—)- 3Ax 
[A 2 ] ^ A 2 

[A 2 + Ai] ^ A 2 + Ax 
[2A 2 ] ^ 2A 2 
[A 2 + 2Ax] ^A 2 + 2Ax 
[A 3 ] ^ A 3 

[3A 2 , 2A 2 + Ax] ^ 2A 2 + Ax 
[A 3 + 2Ax, A 3 + Ax] ^A 3 + Ax 
[D 4 ( ai )] ^ D 4 ( ai ) 
[A 4 ] ^ A 4 
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D 4 ] i — y D 4 

A 4 + Ax] \-> A 4 + A t 
A 5 + A U A S ] ^A 5 
D 5 ( ai )} I— >■ D 5 (ai) 
£; 6 (o 2 )] h- A 5 + Ai 

£ 6 (ai)] ' ^ £7 6 (ai) 

2.5. Type £7. If p ^ 2 we have 

A x ] ^ Ax 
2Ai] H> 2Ax 
3A[] ^ 3A'{ 
AA'{, 3A'{] ^ 3A[ 
A 2 ] I— >■ A 2 

7^1,6^1,5^1,4^] i—)- 4Ai 
A 2 + Ai] ^ A 2 + 
A 2 + 2Ai] ^ A 2 + 2Ai 
A 3 ] I— > A 3 
2A 2 ] ^ 2A 2 
A 2 + 3Ax] ^ A 2 + 3Ax 
A 3 + A'x]^(A 3 + Ax)" 
3A 2 ,2A 2 + Ai] ^2A 2 + Ai 
A 3 + 2A'{,A 3 + A'{]^(A 3 + Ax)' 
D A (ax)] ^ D A (ax) 
A 3 + 3 Ax, A 3 + 2A[] ^A 3 + 2 Ax 
D 4 ] I— >■ L> 4 

D 4 (ai) + Ai] I— > D 4 (ai) + ^i 
D 4 (ax) + 2Ax, A 3 + A 2 ] ^ A 3 + A 2 
2A 3 + Ax, A 3 + A 2 + Ax] ^ A 3 + A 2 + A x 
A 4 ] ^ A 4 

D 4 + 3Ax, D 4 + 2A X , D 4 + Ax] ^ D 4 + A x 
A' 5 ] H- A'{ 

A 4 + Ax] ^ A 4 + Ax 
D 5 ( ai )] I— >■ ^(ai) 
A 4 + A 2 ] ^ A 4 + A 2 
A 5 + A'/, A' 5 '] H- A' B 
A 5 + A 2 , A 5 + A[] ^ (A 5 + Ax)" 
D 5 ( ai ) + Ax] ^ D 5 ( ai ) + Ax 
E 6 (a 2 )] ^ (A 5 + Ax)' 
D 6 (a 2 ) + Ax, D 6 (a 2 )] ^ D 6 (a 2 ) 
E 7 (a 4 )] ^ D 6 (a 2 ) + Ax 
D 5 ] ^ D 5 
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[A 6 ] ^ A 6 

[D 5 + Ax] ^D 5 + A 1 
[D 6 (a 1 )] ^ D 6 ( ai ) 
[A 7 ] ^ D 6 (a 1 ) + A 1 
[E 6 ( ai )} ^ E 6 ( ai ) 
[D 6 + A lt D 6 ]^D 6 
[E 6 ] ^ E 6 
[E 7 (a 3 )] ^D 6 + A x 
[E 7 (a 2 )} ^ E 7 (a 2 ) 
[E 7 ( ai )} ^ E 7 ( ai ) 
[E 7 ] ^ E 7 

If p = 2, the line [D 4 {ax) + 2A ll A 3 + A 2 ] ^ A 3 + A 2 ) should be replaced by 
[D 4 (ai) + 2Ai] m- A 3 + A 2 , [A 3 + A 2 ] ^ (A 3 + A 2 ) 2 . 

2.6. Type E 8 . If p ^ 2,3 we have 
[A ] ^ A 
[Ai] H- A x 
[2Ai] H> 2Ai 
[44i,3Ai] I— >■ 3Ai 
[A 2 ] !->• A 2 

[8Ai, 7Ai, 6A U 5A 1 ,4A'{] i— >■ 4Ai 
[A 2 + Ai] ^ A 2 + Ai 
[A 2 + 2Ai] ^ A 2 + 2Ai 
Us] h- ^3 

[A 2 + 44i, A 2 + 3Ai] ^ A 2 + 3Ai 
[2A 2 ] h- 2A 2 

[3A 2 , 2A 2 + At] ^ 2A 2 + A x 
[A 3 + 2A' 1 ,A 3 + A 1 ] ^A 3 + A x 
[D 4 ( ai )} h- D 4 (ai) 

[4A 2 , 3A 2 + Ai, 2A 2 + 2A X ] >-> 2A 2 + 2A X 
[Da] ^ D 4 

[A 3 + 4Ai, A 3 + 3 A u A 3 + 2A'{] ^ A 3 + 2 Ax 
[D 4 (ai) + Ai] ^ D 4 (ai) + ^i 
[2A 3 , A 3 + A 2 ^ A 3 + A 2 ] 
[A 4 ] i— > A 4 

[2A 3 + 2A X , A 3 + A 2 + 2Ai, 2A 3 + Ai, A 3 + A 2 + Ax] h> A 3 + A 2 + A x 
[D 4 (a 1 ) + A 2 ] ^ D 4 ( ai )+A 2 

[D 4 + 4Ai, D 4 + 3Ax, D 4 + 2A U D 4 + Ax] ^D 4 + A x 

[2D 4 ( ai ),D 4 ( ai ) + A 3 , 2A'i] ^ 2A 3 

[A 4 + Ax] ^ A 4 + Ax 

[D 5 ( ai )} ^ D 5 ( ai ) 

[A 4 + 2Ax] ^ A 4 + 2A 1 

[A 4 + A 2 ] ^ A 4 + A 2 

[A 4 + A 2 + Ax] ^ A 4 + A 2 + Ax 
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[As(ai) + M] ^ D 5 (a 1 )+A 1 
[A 5 + A[, A 5 ] h-> A 5 
[D 4 + A 3 , D 4 + A 2 ] !->■ D 4 + A 2 
[E 6 (a 2 )]^(A 5 + A 1 )" 
[2A 4 , A 4 + A 3 ] h> A 4 + A 3 
[D 5 ] ^ D 5 

[D 5 (ai) + A 3 , D 5 (ai) + A 2 ] ^ A>(ai) + A 2 

[A 5 + A 2 + Ai, A 5 + A 2 , A 5 + 2A U A 5 + A'{] ^ (A 5 + A{)' 

[E 6 (a 2 ) + A 2 , E 6 (a 2 ) + A x ] ^ A 5 + 2A 1 

[2L> 4 , D 6 (a 2 ) + A u D 6 (a 2 )} ^ D 6 (a 2 ) 

[E 7 (a 4 ) + A 1 , E 7 (a 4 )} ^ A 5 + A 2 

[D 5 + 2A U D 5 + A 1 ] ^D b + A 1 

[E 8 (a 8 )] ^ 2A 4 

[DeM H> D 6 ( ai )] 

[A 6 ] i y A 6 

[A Q + A 1 ] ^ A 6 + A 1 

[A' 7 ] ^ D 6 (a 1 ) + A 1 

[A 7 + A u D 5 + A 2 ] ^ D 5 + A 2 

[-Ee(ai)] £?e(ai) 

[D 6 + 2Ai,D 6 + Ai,D 6 ] ^D 6 

[D 7 (a 2 )} I— >■ J D 7 (a 2 ) 

[£ 6 ] ^ ^6 

[D 8 (a 3 ),^] H> A 

[£ 6 (ai) + 4i] ^£; 6 (ai) + ^i 

[£ 7 (a 3 )] ^ D 6 + Ai 

[A 8 ] i-> £> 8 (a 3 ) 

[DsM, D 7 ( ai )] *-> D 7 { ai ) 

[E 6 + A 2 ,E 6 + A x ] ^ E 6 + A 1 

[E 7 (a 2 ) + A u E 7 (a 2 )} ^ E 7 (a 2 ) 

[E 8 (a 6 )] ^ A 8 

[E 8 (a 7 )} ^ E 7 (a 2 ) + A 1 

[D 8 ( ai ),D 7 ] ^D 7 

[E 8 (a 3 )} I— >■ D 8 (ai) 

[£ 7 («i)] ^ £? 7 (ai) 

[D 8 ] ^ ^r(ai) + Ai 

[E 8 (a 5 )] ^ _D 8 " 

[E 7 + Ai,E 7 ] 

[£ 8 (a 4 )] M- £7 + ^i" 

[E 8 (a 2 )} H> E 8 (a 2 ) 

[E 8 ( ai )} ^ E 8 ( ai ) 

[E 8 ] ^ E 8 

If p = 3 the line [D 8 (a 3 ),A 7 ] h> A 7 should be replaced by [D 8 (a 3 )] H> A 7 , [A'^\ ^ 
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(A 7 ) 3 . If p = 2 the lines [2A' 3 ,A 3 + A 2 ] ^ A 3 + A 2 , [L> 4 + A 3 , D 4 + A 2 ] H> D 4 +A 2 , 
[A 7 + A x , D 5 + A 2 ] ^ D 5 + A 2 , [D 8 (a 2 ), D 7 (a 1 )] (->■ D 7 (ai) should be replaced by 

[2A' 3 ] ^ A 3 + A 2 , [A 3 + A 2 \ ^ (A 3 + A 2 ) 2 

[D 4 + A 3 ] i-> L> 4 + A 2 , [D 4 + A 2 ] ^ (D 4 + A 2 ) 2 

[A 7 + At] ^D 5 + A 2 , [D 5 + A 2 ] ^ (D 5 + A 2 ) 2 

[D 8 (a 2 )] ^ D 7 ( ai ), [D 7 ( ai )} m- (D 7 ( ai )) 2 
respectively. 

3. Relation with unipotent pieces 

3.1. Let G' be a connected reductive group over C of the same type as G. We 
identify W with the Weyl group of G' . Let G' be the set of unipotent classes in 
G' . In [LI, 6.8] we have defined a partition of the unipotent variety of G into 
"unipotent pieces" indexed by G' . We define a surjective map p : G — > G' by 
associating to 7 G G the element 7' G G' which indexes the unipotent piece that 
contains 7. Let n : G' — > G be the map defined in [L2, 4.1]. Note that pir = 1. 
Let : W -> wVFVF be the maps analogous to $ : W -> £ in [L2, 

4.5] and \& : G — » W in 0.2. One can show that 

(a) $' = pi 

and (assuming that \1/ is defined): 

(b) ^' = *7T. 

In the case where G is simple of exceptional type this follows from the tables in 
Section 2. 
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